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We use exact Quantum Monte Carlo techniques to study the properties of quantum droplets in
two-component bosonic mixtures with contact interactions in one spatial dimension. We system-
atically study the surface tension, the density profile and the breathing mode as a function of the
number of particles in the droplet and of the ratio of coupling strengths between intra-species re-
pulsion and inter-species attraction. We find that deviations from the predictions of the generalized
Gross-Pitaevskii equation are small in most cases of interest.
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I. INTRODUCTION
One of the recent progress in ultracold atoms is the
observation of liquid quantum droplets which were first
observed in dipolar gases [1–6] and later in Bose mix-
tures [7–11]. In the case of dipolar atoms, the discovery
initially came as a surprise because the stable droplets
observed in the experiment where not compatible with
mean-field theories which predicted a collapse of the sys-
tem. It was later realized that repulsive quantum fluc-
tuations contrast the mean-field attraction and stabilize
the system in a liquid-like phase [5]. In nature liquids
can arise as a result of a competition between attrac-
tion and repulsion. In dipolar gases the repulsion is pro-
vided by the short-range interaction while the attraction
is provided by the long-range dipolar force. However,
the presence of a long-range interaction is not essential
to the droplet formation mechanism. For instance, a sim-
ilar mechanism arise in bosonic mixtures subject to con-
tact forces which provide repulsive interactions between
particles of the same species and attractive interactions
between particles of different species. In this case the
formation of quantum droplets was first predicted theo-
retically [12] and then confirmed experimentally [7].
In three dimensions (3D) uniform mixtures are pre-
dicted to collapse, according to mean-field theory, when
the inter-species attraction exceeds the intra-species re-
pulsion. However, when quantum fluctuations are in-
cluded in the theory, their repulsive effect can balance
the mean-field attraction and the system becomes sta-
ble. Moreover, the energy acquires a minimum at a non-
zero density, which is the hallmark of a liquid state at
zero temperature. Furthermore, it was shown that liquid
states can arise also in lower dimensions [13] and, in par-
ticular, in one-dimensional (1D) configurations [14]. In
1D the problem is enriched compared to the 3D case by
the enhanced role of quantum fluctuations [14, 15]. Mix-
tures in 1D can be realized experimentally by loading the
atoms in elongated tubes confined by a two-dimensional
optical lattice [16] or using micro-traps [17]. In con-
trast to 3D, where it is difficult experimentally to reach
strongly correlated regimes because of three-body losses,
in 1D such losses are greatly reduced [18]. Furthermore,
the effective 1D scattering length can be tuned from the
weakly to the strongly interacting regime, up to the limit
of infinite repulsion, also called Tonks-Girardeau gas [19–
21].
Since quantum fluctuations play an important role,
it is crucial to rely on theoretical approaches able to
describe beyond mean-field corrections. For homoge-
neous systems in the thermodynamic limit, the Bogoli-
ubov theory includes perturbatively fluctuations at the
lowest order and provides an adequate description in
the weakly interacting limit [14]. However, experiments
deal with non-uniform droplets formed by surface ef-
fects and containing a finite number N of particles. In
the few particle limit one expects to form a small self-
bound cluster, whereas for large N one expects to form
a droplet with a mostly flat density profile except at the
boundaries, which reminds of the shape of a water pud-
dle. To describe static and dynamic properties of these
finite-size droplets many theoretical studies use a gen-
eralized Gross-Pitaeskii equation (GGP) which includes
quantum fluctuations within a local density approxima-
tion [12, 13, 22–25]. However, the validity of this ap-
proach is not clear, even in the weakly interacting limit.
To assert the validity of the theory it is therefore im-
portant to benchmark its predictions against microscopic
non-perturbative theories.
The ground state of the microscopic Hamiltonian can
be investigated numerically using exact Quantum Monte
Carlo (QMC) techniques [26]. These methods were used
to study the properties of the liquid state in 3D Bose
mixtures, both in the case of uniform systems and non-
uniform quantum droplets [27, 28]. In 1D, the few-body
problem was investigated in Ref. [29] and uniform mix-
tures in the thermodynamic limit were investigated using
QMC techniques in Ref. [14]. In particular, it was found
that the ground state of a uniform system is a liquid, i.e.
the energy displays a minimum at a non-zero density,
above a critical ratio r ≈ 0.45(3) between attractive and
repulsive coupling constants. Below this critical ratio the
minimum in the energy corresponds to zero density and
the ground state is a gas. Above the critical ratio, a finite
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2system is expected to form self-bound clusters. So far,
however, no exact results are available in the literature
for these non-uniform droplets.
In this article we study the properties of 1D non-
uniform quantum droplets at zero temperature using ex-
act QMC techniques. We calculate the surface energy,
the density profiles and the frequency of the breathing
mode and we systematically compare our results with
the predictions of GGP theory. We find that the GGP
equation describes quite well our results, even at small
particle numbers and small ratio between attraction and
repulsion strength, in regimes where the theory cannot
be a priori justified.
The structure of the paper is as follows: In Sec. II we
introduce the main theoretical ingredients of our analy-
sis which include the Hamiltonian defining the model of
1D Bose mixtures, the GGP approach for the homoge-
neous liquid phase and for the droplet, the many-body
droplet model and the sum-rule approach used to ex-
tract the frequency of the breathing collective mode. In
Sec. III we briefly discuss the QMC numerical technique
employed to calculate the ground-state properties of the
liquid droplets. Finally, in Sec. IV, we present our re-
sults for the surface energy, the droplet density profiles
as a function of the number N of particles and the fre-
quency of the breathing mode. We also provide a quanti-
tative comparison with the predictions of the GGP the-
ory. Sec. V contains our concluding remarks.
II. MODEL
Hamiltonian: In this work we consider a two-
component mixture of bosons at zero temperature with
contact interactions. The Hamiltonian of the system is
given by
H = − ~
2
2m1
N1∑
i=1
∂2
∂x2i
− ~
2
2m2
N2∑
α=1
∂2
∂x2α
+ g11
∑
i<j
δ(xi − xj)
+ g22
∑
α<β
δ(xα − xβ) + g12
∑
i,α
δ(xi − xα) , (1)
where m1 and m2 are the masses of the bosons respec-
tively of the first and second component, g11 and g22 are
the coupling constants for the intra-species two-body in-
teraction between atoms of the same component and g12
is the inter-species two-body coupling constant. Further-
more, the labels i, j and α, β refer respectively to the
coordinates of particles belonging to the first and second
component. For the sake of simplicity we only consider
symmetric mixtures with equal masses m1 = m2 = m,
equal intra-species coupling constants g11 = g22 = g
and equal particle numbers N1 = N2 = N/2. More-
over, we will consider repulsive intra-species interactions
with g > 0 to ensure the stability of the system and an
attractive inter-species interaction with g12 < 0.
Generalized Gross-Pitaevskii equation: Here
we review the GGP approach to study bosonic mixtures
in 1D, as described in Refs. [13, 22]. For a uniform mix-
ture in the weakly interacting regime one can apply the
Bogoliubov theory which yields the following energy per
unit volume [13]
E
V
=
(g − |g12|)
4
n2
−
√
mn3/2
3
√
2pi~
[
(g + |g12|)3/2 + (g − |g12|)3/2
]
. (2)
The first term in Eq. (2) is the mean-field interaction
term containing the total density n = n1+n2. The second
term arises instead from quantum fluctuations treated at
the lowest order, also called Lee-Huang-Yang (LHY) cor-
rections. The above energy functional is applicable in
the high density limit n|a|  1, where a = − 2~2mg is the
1D scattering length between atoms. Notice that this
behavior is different from the 3D case where Bogoliubov
theory is applicable only in the opposite limit of very low
density. Notice also that the LHY corrections only make
sense if |g12| < g and they are negative. As a consequence
the compressibility becomes negative and the system col-
lapses when |g12| > g. Instead, when |g12| < g but |g12|
is close to g, the attractive LHY correction can balance
the mean-field repulsion. Crucially the mean-field and
the quantum fluctuation term scale with different pow-
ers of the density and the energy functional acquires a
minimum at the equilibrium density neq given by
neq =
2m
~2
([
(g + |g12|)3/2 + (g − |g12|)3/2
]
3pi(g − |g12|)
)2
. (3)
The presence of a finite density minimizing the energy
means that the ground state is a liquid. Notice also that
neq increases as the ratio |g12|/g between attraction and
repulsion increases and in the limit |g12| → g the equi-
librium density becomes large. As mentioned above, this
regime, corresponding to n|a|  1, is the condition re-
quired for the validity of the GGP theory. However, in a
system with a finite number of atoms, the effect of surface
tension leads to a rearrangement of the particles in a self-
bound non uniform configuration. To describe such non
uniform systems one can use an approach based on den-
sity functional theory with the energy given by Eq. (2).
This approach yields the following time-dependent equa-
tion
i~∂ψ∂t = − ~
2
2m
∂2
∂x2ψ +
1
2 (g − |g12|)|ψ|2ψ
−
√
m
~pi23/2
[
(g + |g12|)3/2 + (g − |g12|)3/2
] |ψ|ψ ,
(4)
where ψ is the wavefunction of the system whose mod-
ulus square is equal to the total density n. We refer
to Eq. (4) as the GGP equation. The solutions of the
above equation were investigated and discussed in detail
in Ref. [22].
3The liquid-droplet model: The liquid-droplet
model relates finite-size energy corrections with the sur-
face energy of the droplet. In particular, it predicts that
in the limit of large particle numbers the energy per par-
ticle in 1D can be written as
E
N
= EB + ES
1
N
+ ... , (5)
where EB is the bulk energy and the first correction due
to a finite atom number scales as 1/N with a proportion-
ality coefficient given by the surface energy ES . Higher
order corrections are neglected. The bulk energy is just
the energy per particle of an homogeneous system in the
thermodynamic limit. It is worth mentioning that the
liquid-droplet model has proved successful in describing
the properties of clusters of liquid 4He [30, 31]. Accord-
ing to the model the surface tension of the droplet is
obtained by dividing the surface energy ES by the area
of the surface. As in 1D the surface is made of only two
points one can just divide the surface energy by two to
obtain the surface tension: τ = ES/2.
Sum rules: Apart from ground-state properties it is
also worth investigating the collective modes of a quan-
tum droplet. However, the accurate study of the dynam-
ics of the system is hard in the beyond mean-field regime.
In particular, QMC methods are not well suited to this
aim because of the well known sign problem. Fortunately,
one can use linear response theory and sum rules obeyed
by the response function to obtain reliable estimates of
excitation energies from the expectation values of appro-
priate operators in the many-body ground state, which
can be sampled using QMC techniques.
For a small perturbation proportional to a given oper-
ator F the information about the linear response of the
system is provided by the dynamical structure factor. At
zero temperature the dynamical structure factor is de-
fined as [32]
SF (ω) =
∑
n
| 〈n|F |0〉 |2δ(ωn0 − ω) , (6)
where |n〉 represents the nth excited state, |0〉 represents
the ground state of the system and ωn0 = (En−E0)/~ is
the excitation frequency between the two states. Many
features of the dynamic structure factor are captured by
its moments defined as
mp = ~p
∫
SF (ω)ω
pdω , (7)
where p is the order of the moment. Let us suppose that
the operator F can only excite a single mode, i.e. one
has 〈n|F |0〉 = 0 for every state but one whose excita-
tion energy is En − E0 = ~ωF . We also assume that
the expectation value in the ground state of the operator
F is zero, i.e. 〈0|F |0〉 = 0. Under these assumptions,
by performing the integration over frequencies for suc-
cessive moments of the response function one can derive
the relationship ~ωF = mp+1mp . In general, the operator
F excites more than just one energy mode and the re-
lationship does not hold. However, one can prove that
mp+1
mp
always provides an upper bound for the energy of
the excited state and one has
~ωF ≤ mp+1
mp
. (8)
While the moments depend on the dynamical structure
factor at all frequencies they can actually be calculated
without any detailed knowledge of SF (ω). In particular,
for an hermitian operator F one can derive the following
lowest moments [32]
m0 =
1
2
〈0|F 2 |0〉 , (9)
and
m1 =
1
2
〈0| [F, [H,F ]] |0〉 . (10)
The above expectation values can be computed using
QMC techniques to sample the ground state of the sys-
tem.
The breathing mode: The breathing mode corre-
sponds to an oscillation of the size of the cloud and is
excited by the operator F =
∑
i x
2
i +
∑
α x
2
α, where one
sums over the total number of particles in the two com-
ponents. Experimentally, this mode can be excited by
rapidly switching on and off an harmonic trapping po-
tential. The breathing mode has been extensively in-
vestigated in harmonically trapped single-component 1D
Bose gases [33, 34] and it is known to depend on many-
body properties of the system such as the equation of
state. For this choice of the operator F , the moments in
Eqs. (9)-(10) can be written as
m0 =
1
2
(〈
F 2
〉− 〈F 〉2) , (11)
and
m1 =
~2
m
〈F 〉 , (12)
where 〈...〉 stands for average on the ground state. There-
fore, the frequency of the breathing mode can be esti-
mated using the ratio m1/m0 as
ωF =
2~
m
〈F 〉
〈F 2〉 − 〈F 〉2 . (13)
The above equation links the frequency of the breath-
ing mode to the size of the droplet and its mean square
fluctuations on the ground state.
4III. METHOD
To compute the ground state of the Hamiltonian
in Eq. (1) we use the Diffusion Monte Carlo (DMC)
method [26]. This is a stochastic technique which sam-
ples the many-body evolution in imaginary time and is
able to yield exact results for the ground state of strongly
correlated bosons. To improve the efficiency of the al-
gorithm a guiding wavefunction Ψ(X) is used, where
X = {x1, x2, ...xN} indicates the positions in space of
the N particles. We choose a guiding wavefunction of
the form
Ψ(X) =
∏
i<j
f(xi − xj)
∏
α<β
f(xα − xβ)
∏
i,α
g(xi − xα) ,
(14)
where the function f(x) describes two-body correlations
between particles of the same species, while g(x) de-
scribes two-body correlations between particles of differ-
ent species. We simulate contact interactions by enforc-
ing the Bethe-Peierls boundary conditions. This allows
us to map the original problem with two-body contact
interactions to a free-particle problem with a constraint
on the wavefunction at vanishing inter-particle distance.
In particular, the many-body wavefunction must have a
discontinuity in the first derivative at zero inter-particle
separation. The discontinuity is fixed by the scattering
length between the two particles according to the equa-
tion
∂
∂(xi − xj)Φ(X) = −
1
ai,j
Φ(X)xi=xj , (15)
where ai,j is the scattering length between particles i
and j. The above boundary condition on the ground-
state wavefunction Φ(X) can be enforced by choosing
a guiding wavefunction which satisfies the same con-
dition. For the guiding wavefunction in Eq. (14) the
Bethe-Peierls boundary conditions imply that the corre-
lators f and g satisfy the relations ddxf(x)x=0 = −f(0)/a
and ddxg(x)x=0 = −g(0)/a12, where a12 is the scattering
length associated to the inter-species coupling constant
g12, i.e. a12 = − 2~2mg12 . The long-distance behaviour of
the functions f(x) and g(x) needs to be chosen with care.
In fact, while it does not affect the final converged results
of our calculations, we find that an accurate optimization
of the functions f(x) and g(x) is crucial for the efficiency
of the algorithm. Thus we choose to model the functions
f(x) and g(x) with 1D B-splines. The control coeffi-
cients of the B-splines are optimized by minimizing the
variational energy of the wavefunction. The minimiza-
tion is accomplished using the stochastic reconfiguration
method [26, 35, 36] .
III. RESULTS
Surface tension: The first quantity we discuss are
the finite-size effects exhibited by the energy per particle.
In Fig. 1 we show the energy per particle as a function
of the inverse particle number 1/N for different ratios
r = |g12|/g of the coupling constants. In the limit of in-
finite particle number, the energy contribution from the
surface is negligible compared to the bulk. Moreover, for
large N , the bulk of the droplet becomes flat and can
be described as a uniform liquid at the equilibrium den-
sity corresponding to the energy minimum of the uniform
mixture. We already performed a systematic study of the
properties of the uniform liquid state in Ref. [14] and in
particular we computed the bulk energy for several values
of the ratio r. These values are shown in Fig. 1.
At finite particle number the bulk energy is reduced
because of surface effects. In Fig. 1 we plot the energy
per particle obtained from our DMC simulations. For
large N the liquid-droplet model predicts that the energy
should depend linearly on 1/N . In fact, at large particle
numbers, the QMC results are well aligned with the linear
fits shown in Fig. 1. At the ratio r = 0.6, the linear
dependence is satisfied already with very few particles.
At larger ratios, closer to the weakly interacting limit,
finite size effects increase. For example, at a ratio r =
0.95, the linear behavior is reached only for N & 80.
In Fig. 1 the QMC results are compared with the GGP
predictions (dashed lines in Fig. 1). The validity of the
GGP equation is justified only in the limit in which |g12|
is very close to g. We find that at r = 0.95 results are in
good agreement, while for lower ratios the GGP equation
underestimates the energy of the system. For example,
at r = 0.6 and for N ≈ 40 the droplet is around 40% less
bound than within the GGP theory.
The slope of the linear fit yields the surface energy
ES . We plot ES in the inset of Fig. 1 and compare it
with the results of GGP theory. We find that this lat-
ter overestimates the surface energy compared with our
DMC results, even though good agreement is obtained
for large ratios. In conclusion, our results suggest that
the GGP equation provides accurate predictions for the
surface tension in the weakly interacting limit. Devia-
tions become significant for ratios lower than r ≈ 0.8.
Density profiles: In Fig. 2 we show some typical
density profiles, for ratio r = 0.95 (top panel) and ratio
r = 0.6 (bottom panel), corresponding to different over-
all normalizations fixed by the number of particles in the
droplet. As one increases the particle number the density
profile appears higher and broader. In the limit of very
large N one expects to reach a regime where the den-
sity near the center of the cloud is flat and reaches the
equilibrium value of the uniform system. For the ratio
r = 0.95 the saturation density is reached only for very
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FIG. 1: Energy per particle, in units of ~2/(ma2), as a func-
tion of the inverse particle number 1/N for several values of
the ratio r between attraction and repulsion. Solid dots are
the results of our DMC simulations and solid lines are linear
fits to the DMC data in the limit of large N . Solid squares at
1/N = 0 correspond to the bulk energy calculated in Ref. [14].
Dashed lines show instead the GGP predictions. The slope
of the linear fit, corresponding to the surface energy ES , is
shown in the inset together with the GGP result.
large particle numbers beyond the system size we can re-
liably simulate. Furthermore, for this ratio, we compare
our results with the predictions of GGP theory (dashed
lines in top panel of Fig. 2). We find that the GGP
equation predicts slightly lower densities for all particle
numbers. The difference between the GGP predictions
and our QMC results are just few percent and could also
be due to residual beyond mean-field effects, present in
homogeneous mixtures, which are not described by the
GGP energy functional in Eq. (2).
In the lower panel of Fig. 2 we show the density profiles
corresponding to r = 0.6. For this value of the ratio the
role of particle correlations is expected to be more impor-
tant and one could expect deviations from the GGP pre-
dictions. Indeed, we observe striking differences between
the density profiles obtained using the two methods. Al-
ready for six particles the central peak density is around
20% higher than the GGP prediction. By increasing the
atom number, the central density also increases and for
N ≈ 15 it saturates to a finite value. For larger N the
profile becomes flat at the center of the cloud and, while
the radius of the cloud keeps increasing with N , the cen-
tral density no longer depends on the particle number. It
is worth noticing that the equilibrium density can be de-
termined by minimizing the energy of a uniform system
as it was done in Ref. [14]. This density is shown as a
dotted line in the bottom panel of Fig. 2, in perfect agree-
ment with the saturation density of the droplets. The
density profiles predicted by the GGP equation follow
a qualitatively similar trend, but are quantitatively dif-
ferent. The GGP density profiles saturate at a different
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FIG. 2: Density profiles for varying particle numbers N and
ratios r: r = 0.95 (top panel) and r = 0.6 (bottom panel).
Dashed lines correspond to the profiles obtained from the
GGP equation in the same conditions. The dotted line is
the equilibrium density computed for a uniform mixture at
r = 0.6 in Ref. [14].
density which is around 20% higher. This is compatible
with the results for uniform systems [14].
Breathing mode: We provide now an estimate of
the frequency of the breathing mode for different parti-
cle numbers and ratios of coupling strengths. We make
use of Eq. (13) and we compute the average size of the
cloud and its mean square fluctuations. In the case of
the GGP equation, we solve the time dependent equation
starting from a configuration out of equilibrium and we
determine the frequency of the oscillations in the cloud
size. To obtain the initial condition we first propagate
the GGP equation in imaginary time to find the ground-
state wavefunction of the system. We then multiply the
ground-state wavefunction by a factor e−iδx
2/a2 , where
x is the spatial coordinate and δ is a dimensionless pa-
rameter which controls the strength of the perturbation.
We make sure to choose δ sufficiently small in order to
excite just the breathing mode. Our results are shown in
6101 102
N
10 2
10 1
100
F
r=0.95
r=0.8
r=0.6
FIG. 3: Frequency of the breathing mode, in units of ~/(ma2),
for several values of the particle number N and the ratio r.
Solid dots correspond to DMC results, dashed lines to GGP
predictions.
Fig. 3. Overall we find a very good agreement between
DMC and GGP results. Surprisingly, the agreement is
very good for all values of the ratio r especially at large
particle numbers.
For a fixed value of the ratio between attraction and
repulsion, the GGP theory predicts that the frequency of
the breathing mode first increases by increasing the atom
number, reaches a maximum at a certain critical N and
then decreases approaching zero for very large particle
numbers. Correspondingly, the nature of the breathing
mode changes from a surface mode, driven by surface
tension effects, to a bulk density mode driven by the bulk
compressibility. In the limit of large N the excitation
energy decreases due to its scaling with the inverse size
of the droplet.
At the ratio r = 0.95 and small atom numbers, we find
small deviations compared to the GGP equation, which
seems to underestimate the frequency of the breathing
mode. Such deviations, however, disappear when the
particle number increases and our results agree with GGP
predictions within statistical errors. The same occurs for
lower ratios, r = 0.8 and r = 0.6. This result is surprising
because of the clear differences with GGP theory which
emerged at these values of r in the surface tension ES (see
Fig. 1) and in the density profiles (see bottom panel of
Fig. 2). A possible explanation is that the two deviations
compensate and the frequency of the breathing mode is
well reproduced by GGP theory.
IV. CONCLUSIONS
In conclusion we have carried out a systematic QMC
study of the properties of quantum droplets in 1D mix-
tures and a quantitative comparison with GGP theory
for a number of relevant physical quantities such as the
surface tension, the density profiles and the frequency of
the breathing collective mode. Overall we find a good
agreement between our exact results and the predictions
of GGP theory. Deviations are small, even when the ra-
tio between coupling constants is significantly below the
value r = 1 where the approximate theory is expected
to hold. Our results will also be useful to guide future
experiments on low-dimensional quantum droplets.
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